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Abstract. This work focuses on how to set control limits that will best identify signals in multivariate control charts. In any production process, every product is
aimed to attain a certain standard, but the presence of assignable cause of variability affects our process thereby leading to low quality of product. However, the
problem involved in the use of multivariate control chart is the violation of multivariate normal assumption. The first method develops bootstrap procedures to
determine Hotelling’s T 2 control limits for detecting large shift. The second method
develops bootstrap procedures for obtaining Multivariate Exponentially-Weighted
Moving Average (BMEWMA) control limits for identifying small shift. Results from a
performance study shows that the proposed methods enable the setting of control
limits that can enhance the detection of out of control signals.
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Résumé (French Abstract) Ce travail se concentre sur la détermination de limites
dans un processus de contrôle statistique multivarié. Dans un processus de
production, chaque élément produit doit répondre à des standards et des causes
de variations données peuvent déranger le processus et conduire à des produits
de qualité hors norme. Dans le cas précis du processus multivarié, les causes de
dérèglements sont relatifs a la violation des hypothèses de normalité. D’abord,
nous proposons une méthode de Boostrap pour obtenir des limites de contrôle
de Hotelling. Ensuite, nous introdusons une méthode de Boostrap basée sur des
moyennes mobiles multivariées de poids exponentiels. Des études de simulations
montrent que ces méthodes sont aptes à détecter les produits hors-normes..
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1. Introduction
In Statistical Process Control (SPC), control charts play a vital role for the observance of a given process. For instance, the observance of process variables of
manufactured products/items to ensure their adherence to specified standards
(e.g. production processing of detergent soap, family delight pure soya oil, coca
cola, cement, etc), monitoring of health data to determine an outbreak of a
disease (case of ebola, laser fever, coronavirus etc), or the surveillance of a natural
phenomenon such as flood control. Control charts are graphical representation
for the purpose of identifying variations in a process under investigation. Signals
occur in control chart when the statistic plotted falls either above or below the
control limits. The limits of control charts are obtained using the distribution of
the charting value and the desired false alarm rate. These limits are determined
by statistical criteria in such a way that when the system is in control, most of the
observations falls within the controls limits. In situations when the observations
fall outside the control limits, the process is said to be out of control signals
Mahmoud et al.(2010). Multivariate control charts are analogous to the univariate
ones, they involve in the computations of several quality characteristics (d) instead
of one Champ et al.(2005). For instance in Aparisi et al.(2004), if the population
has a multivariate normal distribution having parameters with known mean
vector (µ) and variance covariance matrix (Σ), the appropriate charting method to
observe the mean is chi-square (χ2 ) with its charting statistic as:
0

χ2 = (x − µ) Σ−1 (x − µ)

(1)
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The minimum control region (LCL) is zero and the maximum control region (UCL)
for a given false alarm rate of α, is
U CLχ2 = χ2a,d

(2)

where χ2a,d is obtained from the chi-square distribution having d degrees of
freedom. When the parameters (µ and Σ) are not known and must be obtained
from the given data assuming the process to be under control, the appropriate
charting method to observe the mean is Hotelling’s T 2 with its charting statistic as:
0

T 2 = (x − x̄) S −1 (x − x̄)

(3)

and the control limits can be computed using the F-distribution. The minimum
control region is zero and the maximum control region for a give rate of α is:
U CLT 2 =

d(n + 1)(n − 1)
Fα,d,n−d
n(n − d)

(4)

where α is the specified probability of type 1 error rate (false alarm rate) and
Fα,d,n−d represents the F distribution having parameters d and n-d degrees
of freedom, n becoming the quantity of data and d the process observations.
Multivariate Shewhart control charts are virtual not sensitive to detect little and
modest shifts in process mean vector.
The Multivariate Exponentially-Weighted Moving Average (MEWMA) method is
excellent in identifying small, moderate and large signals as a result of the
scalar charting constant λ(0 < λ 6 1) which may be adjusted to change the weighting of the past observation Lowry et al.(1992). The chart uses the charting statistic
0

Ti2 = Z1 Σ−1
zi Zi , i = 1, 2, ...

(5)

Zi = λxi + (1 − λ)zi−1

(6)

where

and the covariance matrix is given by
Σzi =


λ 
1 − (1 − λ)2i Σ
2−λ

(7)

with the scalar charting constant λ(0 < λ ≤ 1), Zi is the vector of the set of data at
time i where z0 = 0. The MEWMA control chart often performs poorly when multivariate normal assumption is violated Sullivan et al.(2001). The charting constant
may be chosen in a way that similar average run lengths are achieved under a
wide range of distributions. The values acceptable for the charting constant are
often very small, which means putting the majority of the weight on the past
observations instead of the most current ones Stoumbos et al.(2002). However,
problem involved in the use of multivariate control method is the violation of
multivariate normal assumption that is required for many charts. The aims of this
work are to: (a) initiate bootstrap methods in setting control limits as an option to
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the usual practices that observed data is from a normal distribution, and (b) to
determine relatively the performance of Bootstrap T 2 and BMEWMA control limits
as the bootstrap replications increase with the existing f-distribution method at
selected α level of significance.
Performance evaluation of a control chart is known as average run length (ARL)
and is the expected number of samples taken before the chart signals. During the
in-control period, ARL = a1 and is called ARL0 . The risk α is the well known as type
I error (see ?). Conventionally, the average run length (ARL) serves as a very useful
and standard criterion for measuring the performance of a control chart scheme
Lee et al.(2012). In-control ARL is related to the measure of the probability of type
I error. The smaller the probability of type I error is, the longer the in-control
ARL. In other words, a good control scheme should have long in-control ARL.
When a process is out-of-control, there is a probability that the control scheme
deems it as in-control; this is defined as the probability of type II error. A good
monitoring scheme should have small probability of type II error. Out-of-control
ARL is related to the measure of the probability of type II error. The smaller the
probability of type II error is, the shorter the out-of-control ARL. And the shorter
the out-of-control ARL is, the better the control scheme (see Lee et al.(2013)).
In general, a good control scheme should have long in-control ARL and short
out-of-control ARL. In this work, the multivariate bootstrap T 2 and BMEWMA
control limits for monitoring out of control signals shall be computed and results
compared with the f-distribution method. To measure the performance of a control
chart, the Average Run Length (ARL), Standard Deviation Run Length (SDRL),
Median Run Length (MRL) and Percentiles Run Length (PRL) shall be adopted.

2. Bootstrap Control Limits for Process Mean Vector and Variability
Besides the classical multivariate statistical process control (MSPC) technology,
few scholars have been trying to monitor the abnormal situation in multivariate process via the bootstrap based multivariate control charts. The bootstrap
technique was introduced by Polansky (2005) to determine univariate and multivariate control limits from numerical integration and discrete distribution.
However, Alfaro et al.(2009), introduce bootstrap categorization method to discover
multivariate out of control signals for quality variables. The bootstrap-based
non-parametric control limits obtained via the cumulative sum charts was
developed by Chatterjee et al.(2009). Phaladiganon et al.(2011) introduced the
bootstrap method as a means of obtaining Hotellng’s T 2 control limits assuming
that the distribution is not multivariate normal by bootstrapping from Hotelling’s
T 2 statistic. For uncorrelated data, Adewara et al.(2012) obtained the minimum
and maximum control limits by proposing the bootstrap method. Application of
the minimax control chart by way of chi square control method for multivariate
manufacturing process was also introduced by Balali et al.(2013). For estimating
significant value and out of control limits for variables that are autocorrelated,
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the balance bootstrap method was proposed by Kalgonda (2013).
However, Gandy et al.(2013) introduced the methods of exact classified bootstrap
control limits to monitor performance assessment. Control limits obtained from
block bootstrap multivariate autocorrelated procedure based on Z-statistics was
introduced by Kalgonda (2013). The method of setting the bootstrap multivariate exponentially weighted moving average control limits and the p-values for
interpreting out of control signals was introduced by Ikpotokin et al.(2017). A
comparative analysis of bootstrap multivariate exponentially-weighted moving
average (BMEWMA) control limits was introduced by Ikpotokin et al.(2017). The
bootstrap Bartlett adjustment on decomposed variance-covariance matrix of
seemingly unrelated regression model was introduced by Alaba et al.(2019). To
achieve the aims of this work, the bootstrap algorithm is given as follows:
ALGORITHM I: Bootstrap Method for obtaining Hotelling’s T 2 Control Limit
Let there be d process characteristics such that every of the process characteristic
includes n set of observations (xij ; i = 1, 2, ..., n; j = 1, 2, ..., d), the proposed bootstrap procedure for obtaining Hotelling’s T 2 control limits is as follows:
STEP 1. Merge the sample sizes of x1 , x2 , ..., xd of the sets of variables such
that: x = (x11 , x21 , ..., xn1 ; x12 , x22 , ..., xn2 ; ...; x1d , x2d , ..., xnd )
STEP 2. Select a bootstrap sample of size x∗ = x∗1 , x∗2 , ..., x∗d with replacement
from Step (1) x∗ = x∗11 , x∗21 , ..., x∗n1 ; x∗12 , x∗22 , ..., x∗n2 ; ...; x∗1d , x∗2d ..., x∗nd
STEP 3. Replicate Step (2) for many numbers of periods as well as estimating boot∗(i)
∗(i)
∗(i)
∗(i)
∗(i)
∗(i)
∗(i)
∗(i)
∗(i)
strap replications as: x∗ = x11 , x21 , ..., xn1 ; x12 , x22 , ..., xn2 ; ...; x1d , x2d , ..., xnd ,
where (i∗ = 1, 2, ..., B).
STEP 4. Compute bootstrap mean vector (x̄∗ ), bootstrap variance and covariance matrix (S ∗ ) from bootstrap samples in Step (3)
STEP 5. Find the bootstrap Hotelling’s Ti2∗ statistic from Step (4) such that:
0
Ti2∗ = (x∗j − x̄∗) S ∗−1 (x∗j − x̄∗ ), i∗ = 1, 2, ..., B; j ∗ = 1, 2, 3, ..., d.
STEP 6. For bootstrap replications, repeat the processes in Step (5) B number of times by varying the values of Ti2∗ and x∗j to attain T12∗ ,T22∗ , ..., TB2∗ .
STEP 7. Obtain the control limit in such a way that each of the bootstrap
statistic (T12∗ , T22∗ , ..., TB2∗ ) is prearranged from the smallest to highest number, and
establish the point of B(1 − α)th such that:
CLBoot(T 2 ) = #(T12∗ , T22∗ , ..., TB2∗ ) ≤ B(1 − α)

(8)

STEP 8. Determine the average run length (ARL), standard deviation run length
(SDRL), median run length (MRL), and percentiles run lengths (PRL) from the
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repeated bootstrap Ti2∗ statistic, T12∗ , T22∗ , ..., TB2∗ .
ALGORITHM II: Bootstrap Multivariate Exponentially Weighted Moving Average (BMEWMA) for Setting Control Limits.
Adopting Step 1 to Step 4 of Algorithm I, Steps 5 to 8 are introduced as following:
STEP 5. Determine BMEWMA (Ti2∗ ) statistics from Step (4) as
0

∗
Ti2∗ = Zi∗ Σ−1
Z ∗ Zi ,

(9)

i

where
∗
Zi∗ = λx∗1 + (1 − λ)Zi−1

ΣZi∗ =


λ 
1 − (1 − λ)2i Σ∗
2−λ

(10)
0<λ≤1

(11)

STEP 6. For bootstrap replications, repeat the processes in Step (5) B number of
times by varying the values of ZB and ΣZB accordingly to attain T12∗ ,T22∗ ,...,TB2∗ .
STEP 7. Obtain the control limit in such a way that each of the bootstrap
statistic (T12∗ ,T22∗ ,...,TB2∗ ) is prearranged from the smallest to highest number, and
establish the point of B(1 − α)th such that:
CLBM EW M A = #(T12∗ , T22∗ , ..., TB2∗ ) 6 B(1 − α)

(12)

STEP 8 Determine the average run length (ARL), standard deviation run length
(SDRL), median run length (MRL), and percentiles run lengths (PRL) from the
repeated bootstrap Ti2∗ statistic, T12∗ , T22∗ , ..., TB2∗

3. Application to Numerical Example
Four quality characteristics denoting active detergent (X1 ), moisture content (X2 ),
bulk density (X3 ) and ph level (X4 ) are set of data used in this work which is
on detergent production processing obtained from Oyeyemi (2011). Implementing
bootstrap algorithms I & II which were translated to visual basic code, bootstrap
samples are generated 250, 500, 1000, 3000, 5000, 7500, 10000 occasions from
the initial data set and their bootstrap control limits (BCL) are computed such
that the false alarm rate fixed to values of α = 0.01, 0.025, 0.05, 0.1, 0.2, 0.25
as shown in Table 1. For instance, α = 0.05 for B = 3000 is BCL=10.653 (i.e. the
position of 2850 in Step 7 for T 2 sorted), and the f-distribution control limits (FCL)
are computed by adopting Equation (4). While Table 2 show their various Run
Lengths (RL) such as: Average Run Length (ARL), Standard Deviation Run Length
(SDRL), Median Run Length (MRL) and Percentiles Run Length (PRL). Figures 1-7
is showing a control limits compared using the three methods when B = 250,
500, 1000, 3000, 5000, 75000, 10000, and n = 35 (sample size) fixed. However,
Journal home page: http://www.jafristatap.net, www.projecteuclid.org/euclid.ajas

O.Ikpotokin, I. U. Siloko and M. Ehiemua, Vol. 7 (2), 2020, 1027 - 1038. A note on
Computation of Multivariate Control Limits: The Bootstrap Approach.

1033

Figures 8-13 is showing a comparison of ARL, SDRL, MRL and PRL computed for
the Bootstrap Methods
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Figures 1-7 Showing Results of Control Limits obtained when B = 250, 500, 1000,
3000, 5000, 75000, 10000, and n = 35
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Figures 8-13: Showing Results of ARL, SDRL, MRL and PRL computed for the Bootstrap Methods

Journal home page: http://www.jafristatap.net, www.projecteuclid.org/euclid.ajas

O.Ikpotokin, I. U. Siloko and M. Ehiemua, Vol. 7 (2), 2020, 1027 - 1038. A note on
Computation of Multivariate Control Limits: The Bootstrap Approach.

1037

4. Discussion and Interpretation of Results
Meanwhile, bootstrap samples are replicated 250, 500, 1000, 3000, 5000, and
7500, 10000 times from the original data set Oyeyemi (2011). Tables 1 summarizes
the control limits for f-distribution T 2 , bootstrap T 2 and BMEWMA at chosen
values of α = 0.01, 0.025, 0.05, 0.1, 0.2, 0.25. However, Table 2 summarizes the
average run length (ARL), median run length (MRL), standard deviation run length
(SDRL) and percentiles run length (PRL) from the bootstrap methods. The smaller
the value the faster and good such method is in detecting signals. From Tables
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1, it is clear that the proposed bootstrap T 2 and BMEWMA control methods are
capable in detecting both large and little signals in any given process effectively.
Figures 1-7 shows the results of control limits obtained when the three methods
(F-Distribution T 2 , Bootstrap T 2 and BMEWMA) are compared. A critical look at
the figures shows that BMEWMA has the ability to detect small shift, followed by
Bootstrap T 2 and F-Distribution T 2 with the ability to detect large shift. Figures
8-13 shows the results obtained when both Bootstrap T 2 and BMEWMA methods
are compared using ARL, SDRL, MRL and PRL. A critical look at the figures shows
that BMEWMA has the ability to detect shift first, followed by Bootstrap T 2 ability
to detect shift.

5. Conclusion
This study critically looked at the bootstrap Hotelling’s T 2 and BMWEMA methods
of setting control limits whether or not the underlying distribution is known, and
the assumption of multivariate normality is satisfied. Using an empirical data
set, the bootstrap results obtained in this study at different alpha (α) levels has
been shown to be better than the existing method when compared. Generally,
control limits decrease with the increase of alpha (α) levels as shown in Tables
1 and Figures 1-7. This is because it is logically easier to detect a larger shift
than a smaller shift. Finally, Table 2 and Figures 8-13 shows the results obtained
when both Bootstrap T 2 and BMEWMA methods are compared using ARL, SDRL,
MRL and PRL. Therefore, the performance of bootstrap control chart obtained
in this study will assist quality managers to take decision for monitoring future
production purposes especially in detecting both small and large shift in a process.

References
Adewara, J.A. and Adekeye, K.S., 2012. Bootstrap T Technique for Minimax Multivariate
Control Chart. Open Journal of Statistics. 2: 469-473.
Alaba, O. O. and Lawal, A. A, 2019. Bootstrap Bartlett Adjustment on Decomposed VarianceCovariance Matrix of Seemingly Unrelated Regression Model. Afrika Statistika, 14 (1),
1891 - 1902.

Journal home page: http://www.jafristatap.net, www.projecteuclid.org/euclid.ajas

O.Ikpotokin, I. U. Siloko and M. Ehiemua, Vol. 7 (2), 2020, 1027 - 1038. A note on
Computation of Multivariate Control Limits: The Bootstrap Approach.

1039

Alfaro, E., Alfaro, J.L., Gamez, M. and Garcia, N., 2009. A Booting Approach for understanding Out-of-control Signals in Multivariate Control Charts. International Journal of
Production Research, 47(24): 6821-6834.
Aparisi, F., Champ, C.W. and Garcia – Diaz J.C. (2004).A performance analysis of Hotelling’s
T 2 control chart with supplementary runs rules, Quality Engineering.16(3): 359-368
Balali, M. H., Nouri, N. and Pakdamanian, E. (2013). Application of the Minimax Control
Chartfor multivariate manufacturing process. International Research Journal of Applied
and Basic Sciences, 4 (3): 654-661
Champ C.W., Jones-Farmer L.A. and Rigdon S.E. (2005).Properties of the T 2 Control Chart
when Parameters are Estimated. Technometrics. 47(4): 437-445
Chatterjee, S. and Qiu, P. (2009). Distribution-Free Cumulative Sum Control Charts using
Bootstrap Based Control Limits. The Annals of Applied Statistics. 3(1): 349-369
Gandy, A. and Kvaloy, J. T. (2013). Guaranteed Conditional Performance of Control Charts
via Bootstrap Methods. Scandinavian Journal of Statistics. 40 (4): 647-668
Ikpotokin, O. and Ishiekwene, C.C. (2017).On the Bootstrap Multivariate Exponentially
Weighted Moving Average (BMEWMA) in Setting Control Limits and P-Values for Interpreting Out of Control Signals . Canadian Journal of Pure and Applied Sciences . 11(2),
4233-4243
Ikpotokin, O and Siloko, I.U. (2019). A Comparative Analysis of Bootstrap Multivariate
Exponentially-Weighted Moving Average (BMEWMA) Control Limits. Industrial Engineering and Management Systems.18( 3), 315-329
Kalgonda, A. A. (2013). Bootstrap control limits for multivariate auocorrelated processes.
Journal of Academic and Industrial Research.1(12): 700-702
Kalgonda, A. A. (2015). Block Bootstrap Control Limits for Multivariate Autocorrelated Processes . Journal of Engineering Computers and Applied Sciences . 4(4): 97-100
Lee, M.H. and Khoo, M. (2006). Optimal statistical design of a multivariate EWMA chart
based on ARL and MRL. Communication in Statistics-Simulation and Computation.35:831847
Lee, S. H. and Jun, C. H. (2012). A process monitoring scheme controlling false alarm discovery rate. Communication in Statistics-Simulation and Computation. 41(10): 1912-1920
Lee, L. Y., Khoo, M. B. C. and Yap, E. Y. (2013). A Comparison between the Standard Deviation of the Run Length (SDRL) Performance of Optimal EWMA and Optimal CUSUM
Charts. Journal of Quality Measurement and Analysis. 9(1): 1-8
Lowry, C. A., Woodall, W. H., Champ, C. W. and Rigdon, S. E. (1992). A Multivariate exponential weighted moving average control chart. Technometrics. 34: 46-53
Mahmoud, M.A. and Zahran , A. (2010). A multivariate adaptive exponentially weighted
moving average control chart. Communication in Statistics: Theory and Methods. 39: 606625
Oyeyemi, G. M., (2011). Principal Component Chart for Multivariate Statistical Process Control. The Online Journal of Science and Technology. 1( 2): 22-31
Phaladiganon, P., Kim, S.B., Chen, V.C.P., Baek, J.G. and Park, S.K. (2011). Bootstrap Based
T 2 Multivariate Control Charts . Communication in Statistics-Simulation and Computation. 40(5): 645-662
Polansky, A.M. (2005). A General Framework of Constructing Control Chart. Quality and
Reliability Engineering International . 21(6): 633-653
Stoumbos, Z.G. and Sullivan, J.H. (2002). Robustness to non-normality of the multivariate
EWMA control chart. Journal of Quality Technology. 34: 260-276
Sullivan, J. H. and Stoumbos, Z. G. (2001). Achieving robust performance with the MEWMA
control chart. ASA Proceedings of the Joint Statistical Meetings. American Statistical Association (Alexandria, VA)

Journal home page: http://www.jafristatap.net, www.projecteuclid.org/euclid.ajas

